INTRODUCTION
Dynamic analysis of beams and plates subjected to the action of moving loads is a crucial element of the design of bridge structures, road and airport pavements and railway superstructures. The travel speeds and accelerations of vehicles are among the main factors influencing the deflections, displacements and stresses induced in these structures. The traffic surfaces are most often designed with the use of empirical design methods and typical designs provided by them or by solving statics problems and adjusting the results by application of a dynamic amplification factor.
Vibrations of beams and plates excited by moving loads have been analysed for quite a long time by researchers from many different research centres. The problem of vibrations of a flexible simple beam excited by a moving point force (i.e. load without inertial effect) was analysed by Krylov way back in the year 1905 [34] . The analysis was extended by calculating a closed form of the particular integral in the string problem and subsequently in a simple beam problem and presented by Krylov in the monographs [36] and [35] published in 1913. A number of researchers discussed in their papers the closed form of the particular integral in the Krylov problem, including Rutshimsky [53] , Kączkowski [29] , Śniady [68] , Szcześniak and Ataman [61] .
Loading of beams and plates by a moving mass (i.e. load having inertial effect) was the subject of the first papers published by Stokes [54] and papers of other authors [16] , [77] , [36] , [46] which were devoted to analysing a massless beam loaded by a moving point mass. Further studies on loading beams with a moving mass were conducted by Renaudot [52] , Bolotin [11] [12] [13] and also by Morgaevskij et al., reported [43] . The problem was also studied by Michaltsos and Kounadis [42] and many other researchers from different countries including the following Polish researchers:
Naleszkiewicz [47] , Kączkowski [28] [29] , Langer [37] [38] , Langer, Klasztorny [40] , Śniady [65] [66] , Klasztorny [32] , Szcześniak [57] , [59] .
Vibrations of beams and plates excited by moving oscillators were analysed for example in [62] [63] [64] .
The effect of the number of terms in a series on the solution of a problem in which a visco-elastic one-mass oscillator is moving on a beam was investigated by Bajer [10] and also by Szcześniak, Ataman and Zbiciak [60] .
Among many review articles concerning the action of moving loads on beams and plates the most prominent are the papers of Jakushev [23] [24] [25] [26] , Szcześniak [57] [58] [59] , Ting et al. [69] , Panovko [50] and Kerr [30] . The most important monographs and manuals on the subject were written by Frýba [18] [19] , Mutshnikov [45] , Kolesnik [33] , Bondar et al. [14] , Inglis [22] , Filippov and Kohmaniuk [17] , Langer [39] , Śniady [67] , Klasztorny [31] and also Bartshenkov [10] . Also worth noting is the monograph by Yang, Yau and Wu [72] .
Vibrations of sandwich structures (such as two beams or plates bonded by an elastic layer) excited by moving loads were also investigated. This subject was studied by Oniszczuk [48] , Szcześniak [55] [56] , Ataman [4] , Ataman and Szcześniak [5] and many others while beams of transversely nonuniform stiffness subjected to the action of a moving load are studied in [6] and [7] .
The main limitation in the application of analytical methods for finding solutions of dynamic problems of beams/ plates subjected to the action of moving loads is related to fulfilling the boundary conditions in them. Hence, in most cases approximation methods are used, including the finite element method (FEM), space-time finite element method, boundary element method, differential quadrature method (DQM) and finite difference method (FDM) which enable easy modelling of any boundary conditions. Moreover, these methods allow considering different properties of the analysed materials and structural components.
A number of researchers have used the finite element method to analyse structures subjected to the action of moving loads, including the authors of [70] , [41] , [3] , [74] , [44] and examples of application of the Galerkin's method for finite element analysis can be found in [15] and [21] .
Examples of application of the space-time finite element method for dynamic structural analysis can be found in [8] and [9] . The boundary element method was used in combination with the finite element method to study the soil-pavement interaction by the authors of [49] . In [27] one can find an example of application of the DQM method for studying vibrations of arch structures. This paper presents the capabilities of ABAQUS finite-element program [1] for modelling sandwich beams and plates resting on deformable foundations. Systems of sandwich beams and plates separated with an elastic core layer were subjected to the action of point and distributed moving loads. A few theoretical examples are provided in the further part of this paper to present different techniques of modelling the foundations and the moving loads.
It must be made clear that the subroutines described in the paper exceed the conventional application of the ABAQUS suite. As such, the techniques discussed below are not to be found in the ABAQUS user's manuals. Moreover, in many cases we use tools intended for other areas of application. For example, the user subroutine VDLOAD ( [2] ) is used to model visco-elastic foundation. According to the ABAQUS user's manual [1] algorithms of this subroutine are to be used solely to define loads changing over time. A similar problem will be encountered in defining point or distributed moving force. Also in this case no instructions can be found in the ABAQUS documentation.
ABAQUS, similarly to ANSYS and LS-DYNA has an open architecture permitting inclusion of user-defined subroutines (such as the above-mentioned VDLOAD). This enables users to define their own models of materials, specify boundary conditions and create new finite elements.
Moreover, user-defined subroutines can be used to specify non-standard loads and are an effective post-processing tool. The computational capabilities of the systems are expanded with each new version of the suite owing to added new subroutines. FORTRAN language is used to compile a new problem and the source code must be included when submitting the problem for analysis. The process of compiling and linking is performed by the system itself as long as the version of the compiler is compatible with the version of the finite-element analysis software.
PINNED-PINNED SANDWICH BEAM RESTING ON A VISCO-ELASTIC FOUNDATION AND LOADED WITH A MOVING POINT FORCE
This example is given to present how the finite-element method can be used for analysing the dynamic behaviour of a pinned-pinned three-layer beam resting on visco-elastic foundation subjected to the action of a moving load. The following equation describes the vibrations of such beams under the moving force P : The geometrical model of the beam, including definition of boundary and loading conditions was prepared in ABAQUS/CAE module. The finite-element mesh generated for the purpose of this analysis comprises twenty one nodes and twenty B21 elements (for description of elements see [1] ).
The system was analysed over a time span of 0; 0.507 sec. t
The step size was calculated by system at 0.000112 sec.
The graph in Fig 
SYSTEM OF TWO BEAMS SEPARATED BY AN ELASTIC CORE LOADED BY A MOVING POINT FORCE
In this section we present a method of modelling elastic action using the spring discrete finite elements available in ABAQUS. The problem under analysis are the vibrations of system of two beams separated by an elastic core resting on a deformable foundation described with the following set of equations: 
The system is subjected to the action of a moving point force of P = 50 kN moving at a constant speed of Q = 30 m/sec. Let us start by assuming simple support of both beams.
Each beam is made up of 12 finite elements. The springs representing the interaction of elastic core layer and the foundation are connected at the beam nodes and pinned to the foundation. Fig. 3 shows an overview of the system with the deformed beams and elastic elements presented against the contour lines representing the values of equivalent stresses in the outer fibres. With the finite element method approximate solutions can be found which would be much more difficult with analytical methods. In this context we present the results of a comparative analysis of the behaviour of the system composed of two beams with different support conditions. The results of the previous analysis where both beams were simply supported are compared with the results obtained for the system fixed at both ends and the system placed directly on the foundation with no supports in between. In the last case it was necessary to add two pairs of springs at the removed support positions (Fig. 3) .
The analytical results in the form of midpoint vibrations of the top beam are presented in Fig. 5 .
The greatest displacements were obtained for the system with both ends free and the smallest for the systems in which both beams are fixed at both ends. 
SYSTEM OF TWO PLATES SEPARATED BY AN ELASTIC CORE, LOADED BY A MOVING POINT FORCE
In this example we consider vibrations of a system composed of two plates separated by an elastic core resting on deformable foundation and loaded with a moving force. The motion of plates in such arrangement is described by the following set of differential equations of motion: Each plate is made up of 140 finite elements of S4R type (see [1] ). The elastic core layer is modelled by 117 spring type discrete finite elements. Fig. 6 shows an overview of the system with the deformed plates and elastic elements presented against the contour lines of twisting moments at a given point in time. 
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FINAL CONCLUSIONS
In ABAQUUS the problems of vibrations induced in structures by a load of any type, changing over time and space are solved by direct integration of the state equations. These methods, also known as step-by-step integration are applied to the equations of motion without any transformations. It is assumed that the dynamic equilibrium equation must hold true only at specified points in time rather than over the continuous set of the time variable. Thus the problem-solving algorithm is reduced to finding solution at the new time step depending on the solutions at the previous time step.
If the traffic conditions at the time step i are used to find solution at the new time step i + 1 we are using an explicit scheme. In the implicit scheme the solution at the time step i+1 is obtained by satisfying the equation of motion at the same time step (Gomuliński and Witkowski [20] ).
The group of explicit schemes includes the central difference and Runge-Kutta schemes. The other group of implicit schemes includes Newmark's method and Gear's method. Two of them, namely the Runge-Kutta and Gear's methods are not commonly used in the area of structural mechanics as they require converting the equations of motion to a set of differential equations of the 1 st order.
This operation leads to obtaining a non-symmetrical state matrix.
Step-by-step integration involves much more algebraic operations. The number of operations increases with the increasing size of the matrix and with the increasing number of time steps.
Hence, mode-superposition method is used in many situations. In this method the equations of motion are transformed using eigenvector matrix obtained from eigenproblem solution. The transformation by modal matrix yields a set of uncoupled differential equations which can be solved for any excitation by using the Duhamel's integral.
ABAQUS provides two "solver" modules: Explicit and Standard. In the Explicit solver the central difference method is used to integrate the equations of motion. The other analysis module -
Standard has an implemented solution procedure based on the mode-superposition method.
Besides, for analysing so-called short-term processes the system employs the Hilber, Hughes and Taylor (HHT) operator (1978) based on the conventional Newmark's differential equations integration scheme extended by introduction of an additional damping parameter 0 ; 3 1 D (see [1] ). The parameter of D enables eliminating the so-called numerical noise associated with high frequencies and occurring in problems solved with routines using variable integration step size. At α=0 Newmark's scheme is obtained (E=1/4) due to constant integration step size.
The next difference in the integration algorithms employed by ABAQUS is related to the form of the mass matrix. The Explicit scheme uses a diagonal matrix to uncouple the equations of motion.
The Standard module uses the consistent mass matrix which employs the same shape functions which are found in the description of the displacement field (Zienkiewicz [75] , [76] ).
In the analytical examples provided in this paper we used Explicit module, yet it is possible to carry out conversion with the use of Implicit solver. The capabilities of the two solvers for analysing the dynamic behaviour of elastic-plastic systems are compared in the paper of Zbiciak [73] . Kolejna różnica występująca w algorytmach całkowania w programie ABAQUS, związana jest z postacią macierzy mas elementu. W module Explicit ma ona formę diagonalną, dzięki czemu możliwe jest rozprzęgnięcie równań ruchu.
Moduł Standard wykorzystuje tzw. konsystentną (albo konsekwentną) formę macierzy mas tzn. taką, w której stosuje się te same funkcje kształtu, które występują w opisie pola przemieszczeń (Zienkiewicz [75] , [76] ).
Przykłady obliczeniowe opisane w pracy zostały wykonane w module Explicit, choć jest możliwe ich przeliczenie z wykorzystaniem solvera Implicit. Analizę porównawczą możliwości obydwu modułów, w kontekście dynamiki układów sprężysto-plastycznych, zawiera praca Zbiciaka [73] .
